We present an eight-dimensional even sub-algebra of the 2 4 = 16-dimensional associative Clifford algebra Cl4,0 and show that its eight-dimensional elements denoted as X and Y respect the norm relation ||XY|| = ||X|| ||Y||, thus forming an octonion-like but associative normed division algebra, where the norms are calculated using the fundamental geometric product instead of the usual scalar product. The corresponding 7-sphere has a topology that differs from that of octonionic 7-sphere.
In general the vectors e i satisfy the following geometric product in this associative but non-commutative algebra [1] [2] :
e i e j = e i · e j + e i ∧ e j ,
with e i · e j := 1 2 {e i e j + e j e i }
being the symmetric inner product and e i ∧ e j := 1 2 {e i e j − e j e i }
being the anti-symmetric outer product, giving (e i ∧ e j ) 2 = −1. There are thus basis elements of four different grades in this algebra: An identity element e 2 i = 1 of grade-0, three orthonormal vectors e i of grade-1, three orthonormal bivectors e j e k of grade-2, and a trivector I 3 = e i e j e k of grade-3 representing a volume element in IR 3 . Since in IR 3 there are 2 3 = 8 ways to combine the vectors e i using the geometric product (2) such that no two products are linearly dependent, the resulting algebra, Cl λ 3,0 , is a linear vector space of eight dimensions, spanned by these graded bases.
In this paper we are interested in a certain conformal completion 1 of this algebra, originally presented in Ref. [3] . This is accomplished by using an additional vector, e ∞ , to close the lines and volumes of the Euclidean space, giving K λ = span{ 1, λe x e y , λe z e x , λe y e z , λe x e ∞ , λe y e ∞ , λe z e ∞ , λI 3 e ∞ }.
With unit vector e ∞ , this is an eight-dimensional even sub-algebra of the 2 4 = 16-dimensional Clifford algebra Cl 4,0 .
As an eight-dimensional linear vector space, K λ has some remarkable properties [3] . To begin with, it is closed under * Electronic address: jjc@alum.bu.edu 1 The conformal space we are considering is an in-homogeneous version of the space usually studied in Conformal Geometric Algebra [2] .
It can be viewed as an 8-dimensional subspace of the 32-dimensional representation space postulated in Conformal Geometric Algebra. The larger representation space results from a homogeneous freedom of the origin within E 3 , which does not concern us in this paper. * 1 λ exey λ ezex λ eyez λ exe∞ λ eye∞ λ eze∞ λ I3e∞ multiplication. Suppose X and Y are two vectors in K λ . Then X and Y can be expanded in the graded basis of K λ : X = X 0 + X 1 λe x e y + X 2 λe z e x + X 3 λe y e z + X 4 λe x e ∞ + X 5 λe y e ∞ + X 6 λe z e ∞ + X 7 λI 3 e ∞
and
And using the definition ||X|| := √ X · X † (where † represents the reverse operation [1] ) they can be normalized as
Now it is evident from the multiplication table above ( Table I) that if X, Y ∈ K λ , then so is their product Z = XY:
Thus K λ remains closed under arbitrary number of multiplications of its elements. This is a powerful property. More importantly, we shall soon see that for vectors X and Y in K λ (not necessarily unit) the following norm relation holds:
provided the norms are calculated employing the fundamental geometric product instead of the usual scalar product.
In particular, this means that for any two unit vectors X and Y in K λ with the geometric product Z = XY we have
An illustration of the 8D plane of K λ , which may be interpreted as an Argand diagram for a pair of quaternions.
Now, in order to prove the norm relation (10), it is convenient to express the elements of K λ as dual quaternions.
The idea of dual numbers, z, analogous to complex numbers, was introduced by Clifford in his seminal work as follows:
Here ε is the dual operator, r is the real part, and d is the dual part [2] [4] . Similar to how the "imaginary" operator i is introduced in the complex number theory to distinguish the "real" and "imaginary" parts of a complex number, Clifford introduced the dual operator ε to distinguish the "real" and "dual" parts of a dual number. The dual number theory can be extended to numbers of higher grades, including to numbers of composite grades, such as quaternions:
where q r and q d are quaternions and Q z is a dual-quaternion (or in Clifford's terminology, Q z is a bi-quaternion).
Recall that the set of unit quaternions is a 3-sphere, which can be normalized to a radius ̺ r and written as the set S 3 = q r := q 0 + q 1 λ e x e y + q 2 λ e z e x + q 3 λ e y e z ||q r || = q r q † r = ̺ r .
Consider now a second, dual copy of the set of quaternions within K λ , corresponding to the fixed orientation λ = +1:
If we now identify λ I 3 e ∞ appearing in (5) as the duality operator − ε, then (in the reverse additive order) we obtain ε ≡ −λ I 3 e ∞ with ε † = ε and ε 2 = +1 (since e ∞ is a unit vector in K λ )
and q d ε ≡ −q d λ I 3 e ∞ = q 4 λ e x e ∞ + q 5 λ e y e ∞ + q 6 λ e z e ∞ + q 7 λ I 3 e ∞ ,
which is a multi-vector "dual" to the quaternion q d . Note that we write ε as if it were a scalar because it commutes with all element of K λ in (5). Comparing (14) and (17) with (5) we now wish to write K λ as a set of paired quaternions,
Now, using definitions (14) and (15), it is easy to see that q r q † r = ̺ 
It is thus clear that for Q z Q † z to be a scalar q r q † d + q d q † r must vanish, or equivalently q r must be orthogonal to q d .
But there is more to the normalization condition q r q † d + q d q † r = 0 than meets the eye. It also leads to the crucial norm relation (10), which is at the heart of the only possible four normed division algebras R, C, H and O associated with the four parallelizable spheres S 0 , S 1 , S 3 and S 7 , with octonions forming a non-associative algebra in addition to forming a non-commutative algebra [5] [6]. However, before we prove the norm relation (10), let us take a closer look at definition (19) within Geometric Algebra. In (8) we used the following definition of norm for a general multivector:
The left-hand side of this equation -by definition -is a scalar number; namely, ||X||. But what is important to recognize for our purpose of proving (10) is that there are two equivalent ways to work out this scalar number:
(a) ||X|| = square root of the scalar part X · X † of the geometric product XX † between X and X † , or (b) ||X|| = square root of the geometric product XX † with the non-scalar part of XX † set to zero.
The above two definitions of the norm ||X|| are entirely equivalent. They give one and the same scalar value for the norm. Moreover, in general, given a product denoted by * , the quantity X † is said to be the conjugate of X if X * X † happens to be equal to unity, X * X † = 1, as in the case of quaternionic products in (14) and (15). On the other hand, in Geometric Algebra the fundamental product between any two multivectors X and Y is the geometric product, XY, not the scalar product X · Y (or the wedge product X ∧ Y for that matter). Therefore the product that must be used in computing the norm ||X|| that preserves the Clifford algebraic structure of K λ is the geometric product XX † , not the scalar product X · X † . To be sure, in practice, if one is interested only in working out the value of the norm ||X||, then it is often convenient to use the definition (a) above. However, our primary purpose here in working out the norms of X and Y is to preserve the algebraic structure of the space K λ in the fundamental relation (10), and therefore the definition of the norm we must use is necessarily the second definition stated above; i.e., definition (b).
With the above comments in mind, we are now ready to prove the norm relation (10). To this end, suppose the multivectors X and Y belonging to K λ as spelled out in (6) and (7) are normalized using the definition (b) as follows:
where ̺ X and ̺ Y are fixed scalars. Then, according to (9), their product XY in K λ is another multivector, giving
Thus, at first sight, the norm relation (10) appears to be trivially true. However, the above simple proof is not quite satisfactory because we have assumed that X and Y are normalized using the definition (b), which requires us to set the non-scalar parts of the geometric products XX † and YY † equal to zero. That is not difficult to do for both X and Y, but what is involved in the above proof is the geometric product XY and its conjugate (XY) † , which makes the proof less convincing. It is therefore important to spell out the proof in full detail without resorting to shortcuts.
To that end, we first work out the right-hand side of the norm relation (10) in the notations of the condition (19):
Now, to verify the left-hand side of the norm relation (10), consider a product of two distinct members of the set K λ ,
